Active piezoelectric thin-walled structures, especially those with a notably higher membrane than bending stiffness, are susceptible to large rotations and transverse deflections. Recent investigations conducted by a number of researchers have shown that the predicted behavior of piezoelectric structures can be significantly influenced by the assumption of large displacements and rotations of the structure, thus demanding a geometrically nonlinear formulation in order to investigate it. This paper offers a degenerated shell element and a simplified formulation that relies on small incremental steps for the geometrically nonlinear analysis of piezoelectric composite structures. A set of purely mechanical static cases is followed by a set of piezoelectric coupled static cases, both demonstrating the applicability of the proposed formulation.
Introduction
During the last few decades the idea of active structures has evolved into a new generation of high-performance structural and mechanical adaptive systems with integrated sensing, actuating and control capabilities. The attractiveness of the newly emerging field of adaptive structures stems from the already exploited as well as potential benefits they offer with respect to classical, passive structures, such as vibration suppression, noise attenuation, structural health monitoring, shape control, etc [1] . This fact has drawn the attention of many researchers.
Those thin-walled structures featuring piezo-elements as both sensors and actuators considered here represent a growing group of active structures with diverse application possibilities. Piezolayers embedding traditional thin-walled structures obviously lead to multilayered structures. Furthermore, many lightweight structures in aerospace, automotive and other applications are made of advanced fiber-reinforced composites, which are intrinsically multilayered. Their general shape is double-curved in space and is referred to as a shell. Modeling of shell-like structures, especially when considered to be made of hybrid composite materials such as fiberreinforced composite laminates involving active piezolayers, appears to be a challenging and attractive task over the last decade. A large body of publications dealing with the subject demonstrates this fact. The finite element method as a predominant one is almost inevitably addressed on the matter. However, most of the researchers have mainly devoted their work to linear static and dynamic analysis of piezolaminated active structures. Only recently has their attention turned to nonlinear effects in the behavior of piezoelectric thin-walled structures. The investigations conducted resulted in a number of formulations, some of which are mentioned below.
Carrera [2] has developed a plate element for fiberreinforced piezoelectric laminates, based on a layerwise theory with the interlaminar equilibrium fulfilled in order to preserve the computational advantages of the singlelayer Mindlin-Reissner finite element formulation. The von-Kármán type nonlinearities and dynamic cases were considered. Simoes Moita et al [3] have developed a threenode triangular piezolaminated facet element based on the classical lamination theory, i.e. the Kirchhoff kinematical assumption was considered, for static geometrically nonlinear analysis. Varelis and Saravanos [4] have described a mixed finite element formulation to capture the nonlinear effects in the buckling analysis of adaptive composite plates with piezoelectric actuators and sensors. Rabinovitch [5] has derived an analytical model in order to investigate the geometrically nonlinear behavior of piezolaminated plates actuated by piezolayers. The model that involves the vonKármán large displacement and moderate rotation kinematics is taken advantage of by means of the finite element concept to analyze the nonlinear response of two active plate structures. Kulkarni et al [6] have used higher-order shear deformation theory and von-Kármán assumptions to formulate a degenerate shell element based on the total Lagrangian.
The focus of this paper is on numerical approaches for determining the response of thin-walled piezoelectric active structures undergoing large displacements and rotations. First the formulation of a shell type finite element based on the 'degenerated shell' approach is briefly presented. In the following section, solution procedures for nonlinear problems in structural mechanics are addressed. Here some aspects of the geometrically nonlinear analysis of the piezoelectrically actuated thin-walled structures are discussed and a simplified solution procedure is proposed. This is followed by a set of numerical examples demonstrating the applicability of the formulation for the purely mechanical as well as piezoelectric cases. Appropriate conclusions are drawn in the final section of the paper.
Formulation of the element
A degenerated shell element was first developed by Ahmad et al [7] from a 3D solid element by a degeneration process which directly reduced the 3D field approach to a 2D one in terms of mid-surface nodal variables. The resulting element is not based on classical shell theories and is applicable over a wide range of thicknesses and curvatures. A brief description of the element formulation will be given here and for more details the interested reader is referred to [8] .
The inherent complexity of the degenerated shell element requires the usage of several coordinate systems (c.s.) (figure 2.1(b)) [9] . The global c.s. (x, y, z) is a Cartesian c.s. with a fixed position in space. The behavior of the structure is described with respect to this c.s. The natural c.s. (r, s, t) has dimensionless coordinates taking values between −1 and +1, where r and s are curvilinear coordinates in the midsurface, while t is linear in the thickness direction. The introduction of the third, local-running (also referred to as local, or co-rotational) coordinate system (x , y , z ) is of crucial importance. This coordinate system is principally defined for every point of the structure and with respect to the actual structure configuration so as to have one of its axes (say, the z axis) perpendicular to the mid-surface, while the other two axes form the tangential plane. The x axis is defined so as to coincide with the structure reference direction, which is given by the user in order to specify the fiber orientation in the layers with respect to it. The local c.s. plays an important role in the definition of the geometry, displacement, strain and stress fields of the element. It is attached to the structure and performs a motion together with the structure.
The formulation of the element proceeds in steps, which define: 1, the parameterized mid-surface of the element using the positions of the nine nodes; 2, local c.s.; 3, geometry of the element; 4, displacement field; 5, partial displacement derivatives with respect to local coordinates; 6, strain-displacement matrix; 7, electric potential-electric field matrix.
The coordinates of the mid-surface point are interpolated by means of the full biquadratic Lagrange shape functions N i (r, s) [9] and global coordinates of the nine nodes, x i , y i and z i , as
The thickness of the shell is assumed to be in the direction normal to the mid-surface. Two vectors defining the tangential plane of the element are given then as
Their cross product defines the z axis of the local-running c.s. As already emphasized, the x axis coincides with the user-defined structure reference direction, and then it is a straightforward task to determine the y axis. Denoting the unit vectors of the local coordinate system with respect to the global coordinate system by e ai , where a stands for x , y or z , depending on the axis, and i for the node, and assuming that the shell thickness at node i is h i , the 3D shell geometry may be regenerated from its mid-surface, as follows:
The degeneration process performed by Ahmad et al [7] is based on the assumption that the thickness direction line of the shell remains straight after deformation but not necessarily perpendicular to the mid-surface (the Mindlin kinematical assumption). Hence, the transverse shear strains and stresses are included in the formulation. The displacement of any point within the volume of the shell is given as a superposition of the corresponding mid-surface point displacement and a linear function of the rotations about the local x and y axes through the mid-surface point, θ x and θ y . Upon transformation of the rotations to the global coordinate system one gets u v w The development of the strain and, therefore, stress field of the element within the local c.s. (figure 2.2) has manifold advantages. First of all, this allows the reduction of the material law according to the assumption of zero normal stress in the thickness direction and hence the direct application of the composite laminates constitutive matrix: [10] . It will be seen in the following that the strain field in the local c.s. facilitates the formulation when the piezoelectric coupling within the thickness of the polarized piezopatch using the e 31 effect is considered, as well as what the advantages are regarding the geometrically nonlinear analysis. Now, in order to get the strain field in the local c.s. it is enough to demonstrate how the local displacement derivatives are obtained.
The interpolations are originally performed in the natural coordinate system. Hence, the displacement derivatives with respect to the natural coordinates are directly obtained from (4) . The transformation of derivatives from the natural to the global coordinate system is achieved by means of the Jacobian inverse: 
The linear local strain field terms of a shell are commonly given in the form that makes a distinction between the inplane (membrane-flexural) components and the out-of-plane (transverse shear) components:
Having the local displacement derivatives (7), after some algebra one obtains
Hence, the strain-displacement matrix, [B u ], consists of the membrane-flexural, [B mf ], and transverse shear, [B s ], straindisplacement matrices, which are further suitably represented in terms of the B matrices having 'm', 'f' and 's' in the subscript, depending whether they contribute to the definition of the membrane, flexural or shear strains, respectively. Those with subscript 'T' are related to nodal translations and with 'R' are related to nodal rotations. Finally, '0' and '1' are included only where it was necessary to show a difference between the linear and constant terms with respect to the natural thickness coordinate t. The vector of nodal displacements, {u}, comprises three translations {u T } and three rotations {u R }.
In the next step the formulation of the electric field within the active layers is to be considered. Those are piezoelectric layers with electrodes on the top and bottom surfaces and poled in the thickness direction. Commercially available piezoelectric ceramics possess material properties of a transversely isotropic material. With piezopatches the axis normal to the plane of isotropy is in the thickness direction. The e 31 effect couples the electric field applied in the thickness direction (denoted as 3) with the in-plane strain components (1 denotes an in-plane direction). The suitable form of the linear piezoelectric material constitutive equations for the finite element analysis is [11] 
where {σ } and {ε} represent the mechanical stress and strain in the vector notation, respectively, [C E ] is the Hooke's matrix at constant electric field, {D} and {E} are the electric displacement and the electric field vector, respectively, the matrix [e] comprises the piezoelectric coupling constants and [d ε ] is the matrix of dielectric constants at constant strain. Although a quadratic distribution of the electric potential across the thickness of the active layers can be deduced from Gauss's law for dielectrics in combination with the kinematical assumptions presented here [8, 12] , in the same references the authors have demonstrated that, for most of the typical piezoelectric laminate structures with relatively small thicknesses of the piezolayers, a constant approximation of the electric field is quite satisfactory, thus:
where is the electric potential,¯ k is the difference of the electric potentials between the electrodes placed on the upper and lower faces of the kth layer (the kth electrical degree of freedom of the element), while h k is the thickness of the piezolayer. In the case when the piezolaminate comprises N PE piezoelectric layers (12) is extended into the following form:
Hence, the electric field in the piezoelectric layers is treated layerwisely and the approximation in (12) results in a diagonal electric field-electric potential matrix [B φ ] with typical term 1/ h k on the main diagonal, as is obvious from (13) . The diagonal form of the matrix [B φ ] results from the fact that the difference in the electric potentials of a layer directly affects only the electric field within the very same layer. Of course, the electric potential of a layer may affect the electric field of other layers, but this influence is achieved in an indirect manner through piezoelectric coupling and it is described by the piezoelectric coupling matrix. The developed element is referred to as the ACShell9 (nine-node active composite shell) element.
Geometrically nonlinear finite element analysis
The prediction of the linearity of the system response rests on assumptions which imply that the displacements of the finite element assemblage are quite small with respect to the dimensions of the modeled structure and that the material exhibits linear elastic behavior. An additional assumption says that the boundary conditions remain unchanged during the action of the loads. On the other hand, geometrically nonlinear analysis accounts for the change in the structural configuration during deformation. This implies that the structural parameters, such as mechanical stiffness for example, change continuously. Considering a static case, we seek the configuration of the structure for which the equilibrium between the internal and external forces is satisfied.
An incremental step-by-step approach represents a usual solution strategy in the nonlinear analysis. It assumes that the solution at discrete time t is known, and seeks the solution at discrete time t + t, with a suitably chosen time increment t. Obviously, in the nonlinear static analysis time represents only a convenient auxiliary variable used to denote gradually increasing loads. The linearized set of finite element equations for the piezoelectric continuum can be given in the following form on the element level: ] are the tangential mechanical stiffness, piezoelectric coupling and dielectric stiffness matrices and the vectors {u e } and {¯ e } comprise all the element mechanical and electrical degrees of freedom, respectively. The left superscript denotes at which time instant the corresponding quantity is defined, while denotes the increment of the corresponding quantity between the actual and the next time instant (i.e. between time instants t and t + t). The external mechanical and electric loads are the applied forces/moments and electric charges, while the internal mechanical and electrical loads are obtained by integrating the mechanical stresses and dielectric displacements over the current structure configuration, respectively:
with the integration in (16) running over the volume of the whole structure, V , and in (17) over the surface of the piezopatches, A. The formulation of the tangential mechanical stiffness, piezoelectric coupling and dielectric stiffness matrices depends on the formulation of the geometrically nonlinear analysis. At this point it is necessary to consider different possibilities and to choose a suitable formulation for the problem at hand.
Within the Lagrangian formulation the quantities of interest are typically given with respect to the fixed global c.s. Since the structure takes different configurations during the loading and the quantities are configuration-dependent, they have to be defined with respect to a certain configuration. It could be any of the determined configurations, starting from the initial one. Consequently, either the initial configuration (total Lagrangian), or the last determined one (updated Lagrangian), i.e. at time t, is chosen for the purpose.
The total Lagrangian formulation requires introduction of auxiliary strain and stress measures, the aim of which is to provide an effective incremental decomposition of the strains and stresses and to express the internal virtual work performing the integration over the domain of a known structure configuration [13] . Since the integration is performed over the initial structure configuration, the tangential mechanical stiffness matrix comprises contributions from the stiffness matrix originating from the material properties (the same one used in the linear analysis), the initial displacement matrix (due to the displacements in the last determined configuration with respect to the initial one) and the geometrical (initial stress) matrix (due to the stresses in the last determined configuration). The interested reader is referred to textbooks such as [13, 14] for more details about the form of the tangential stiffness matrix in the total Lagrangian formulation.
In the updated Lagrangian formulation the last determined configuration is used, which excludes the initial displacement matrix, while the initial stress matrix requires the Cauchy stresses. Since this is the form of the tangential stiffness matrix used in the present work, it is given here as follows:
where the [G] matrix is defined in the following way:
while [σ ] is the Cauchy stress matrix in the last determined system configuration and is
.
(20) Another interesting approach to geometrically nonlinear analysis is denoted as the co-rotational approach. The term 'co-rotational' is taken here to relate to the provision of an auxiliary coordinate system that is attached to the structure and continuously rotates with it. Within the co-rotational approach the motion of the structure is decomposed into two components-rigid-body motion and deformational motion, which is achieved by means of polar decomposition of the deformation gradient matrix. This approach is well adapted to the treatment of finite elements with rotational degrees of freedom (beams, shells) for arbitrarily large rotations. Such elements are difficult to treat using the Lagrangian formulation with the strain-displacement matrix defined so as to give the strains in the global c.s. due to the requirement to reduce the material law according to the assumption of zero normal stress (or strain) in the thickness direction and the complicated update of the rotational degrees of freedom.
The present work is based on the updated Lagrangian formulation, but the idea originating from the co-rotational formulation is used in order to determine the engineering strains and stresses in the current structure configuration and with respect to the local c.s. introduced in section 2, the position of which is always determined for the actual configuration. This reveals the advantage of having strains and stresses in the local c.s. regarding the geometrically nonlinear formulation.
In the updated formulation the expressions for the piezoelectric stiffness [K uφ ] and dielectric stiffness [K φφ ] matrices are the same as the corresponding expressions used in the linear analysis: but with the important remark that the integration is performed over the last determined structure configuration. The next paragraph reveals the importance of this remark.
At this point it should be noticed that the piezoelectrically induced loads are configuration-dependent, i.e. they are of the follower type. They are obtained by multiplying the piezoelectric coupling matrix (21) by electrical degrees of freedom (electric potentials) (see (14) ) and, as was seen above, the piezoelectric coupling matrix is configuration-dependent. As a consequence, the induced loads change their orientation during deformation and also their intensity is affected by the current configuration. As Bathe [13] emphasized, a small enough load/time step allows the virtual work of the follower forces to be approximated to a sufficient accuracy. Otherwise, the virtual work due to the change of the piezoelectrically induced loads as a consequence of the change in geometry would have to be taken into account, which is a difficult task since both the direction and the intensity of the loads change over the incremental step. The problem is of no less complexity for the sensor case, i.e. the measured voltages are also of the follower type. To the best of the authors' knowledge, this aspect of modeling piezoelectric active structures has remained unconsidered by other authors so far.
Hence, the analysis is performed in small incremental steps, which further allows certain simplifications with the aim of reducing the computational effort within one incremental step, while still describing the nonlinear behavior accurately enough. The simplifications are summarized in the following. First, a small incremental step permits us to apply the small strain-small displacement (or engineering) relationship with respect to the co-rotational c.s. [14] in order to calculate the incremental strains. As proposed in [15] , the straindisplacement matrix [B u ] of the mid-configuration between the configurations at time instants t and t + t is used for the purpose. Second, it was already seen that the finite element equations (10) and (11) are linearized for each incremental step, which means that all the structure matrices are assumed to be constant within the incremental step. When larger incremental steps are used, the well-known modified NewtonRaphson iterative procedure [13] is necessary to determine the solution and it is typically used within both the total and updated Lagrangian formulations. Provided the steps are small enough, the solution is approximated to a sufficient accuracy even without the Newton-Raphson iterative method. Also, regarding time integration schemes, highly dynamical problems and especially large-scale problems are often solved by means of explicit integration schemes.
Such timemarching-forward schemes are performed without iterations and the associated factorization of the structure matrices, but they are only conditionally stable, requiring that the time step is smaller than a critical value. Thus, the proposed formulation is also suitable for transient problems solved by means of an explicit time integration scheme.
Regarding the convergence, the balance between the external and internal mechanical and electrical loads is checked after each step. If it is not satisfied to a sufficient accuracy either the modified Newton-Raphson iteration is necessary, or to perform the computation with a smaller load increment. The Newton-Raphson iteration would lead to a converged solution, but the accuracy of such a result still needs to be verified with a smaller load increment when it deals with the loads of the follower type. Therefore, the strategy based on the reduction of the load increment is used in the solution procedure, which complies well with the requirement to perform the analysis in small steps. This gives a suggestion on the size of the incremental step and how far one should go with its reduction, which is closely related to the condition of the balance between the internal and external loads in the newly determined structure configuration.
Numerical examples-static nonlinear cases, different boundary conditions
The capabilities and the accuracy of the developed ACShell9 element within the framework of the linear analysis have been successfully verified [8, 16] . In the following a set of relatively simple static examples is considered with the aim of verifying the element formulation and the proposed solution procedure within the framework of the geometrically nonlinear analysis.
The obtained results are compared with those from the Shell91 element from the ANSYS finite element library [15] . It is an eight-node layerwise shell element, which applies the uniformly reduced integration rule (2 × 2) for the inplane directions, but a layerwise numerical integration in the thickness direction, whereas with the ACShell9 element the integration in the thickness direction is analytical. The geometrically nonlinear formulation in ANSYS is also of the updated Lagrangian type [15] . First, purely mechanical cases are considered to assess the proposed formulation, and in this case the results from the ACShell9 and Shell91 elements are compared directly. However, it should be emphasized that the Shell91 is a purely mechanical element, thus not capable of modeling piezoelectric coupling. Thus, the cases involving piezoelectric coupling (only the inverse piezoelectric effect considered here, i.e. the actuator case) cannot be calculated directly by the Shell91 element and it will be seen in the following how this problem is overcome.
The considered examples involve two types of layers. The composite layer has transversely isotropic properties, whereas the piezolayer is considered to be isotropic regarding mechanical properties. Table 4 .1 comprises the necessary material properties of the considered materials, with the remark that 1 denotes the fiber direction in the composite layer and 3 is the thickness direction. The dielectric properties of the piezoelectric material are not needed, since only actuator cases are considered.
Purely mechanical cases
The considered structure is initially flat, the in-plane dimensions are 40 mm × 40 mm and the thickness, h, will vary throughout the considered cases. Performing linear analysis it was found that the results from the 4 × 4 finite element mesh are representative ones for the ACShell9 element. Although the initial geometry of the structure is that of a plate, already after the first increment of the load (regardless of the case) the geometry is curved and it is afterwards essentially dealt with as a shell. Three different cases of boundary conditions and appropriately chosen loading position will be considered, as given in figure 4.1. In the purely mechanical cases the structure is considered to be made of only one isotropic layer, the mechanical properties of which correspond to the piezoelectric ceramic PZT G1195 (table 4.1).
The same overall force of 24 kN is applied in all considered cases. In the first two cases it is distributed over a line, the length of which is 40 mm, yielding a line distributed force of 600 kN m −1 and in the last case it is a concentrated force acting in the middle of the considered structure. In the first case the force is distributed over the free edge of the structure (figure 4.1(a)) and in the second case over the midspan width ( figure 4.1(b) ). Under the assumption of the same thickness and material of the structure, the selected boundary conditions result in a stiffer behavior of the structure in the latter two cases compared to the first one. For that reason, the clamped structure is considered to have a somewhat larger thickness of 5 mm, while in the other two cases it is chosen to be 3 mm. In all three cases the displacements are large enough to observe geometrically nonlinear effects. The structure representative point is appropriately chosen in each of the three cases. Hence, the history of motion of point A in the first, point B in the second and point C in the third case (figure 4.1) is considered with respect to the gradually increasing load. The normalized vertical displacement of those points is represented in figure 4 .2. The linear prediction of the representative point's vertical displacement at full load yields: (a) 18.87 mm, (b) 6.12 mm and (c) 1.83 mm; and the nonlinear prediction: (a) 15.78 mm, (b) 2.46 mm and (c) 1.41 mm. Hence, the result based on the assumption of linearity overestimates the nonlinear result by: (a) 19.6%, (b) 148.8% and (c) 29.8%, respectively. The nonlinear effects are more pronounced in the latter two cases compared to the first case. It may be noticed in figure 4.2 that in the first case the nonlinear result starts to diverge from the linear one when the observed normalized displacement reaches the value of approximately 1.5. On the other hand, in the other two cases this happens for the normalized displacement of less than 0.2. The reason for the more pronounced nonlinearities in those two cases is the fast change in the way the structure essentially resists the deformation. In the first case, the behavior is bending-dominated, especially at the beginning of the deformation. The distributed force acts constantly in the z direction and as the deformation progresses the in-plane component of the force increases, while the transverse component of the force decreases, but those changes are relatively slow in the beginning of the deformation. This explains why the influence of the nonlinear effects is observable only later in the results. In the remaining two cases, due to the selected boundary conditions significant internal membrane forces are induced very fast after the deformation is initiated and the structure resists the deformation more efficiently than predicted by the linear analysis.
In all three cases the linear prediction yields no displacement in the x and y directions for the corresponding representative point. In the first two cases this is the consequence of the assumption of the linearity of the structural response. However, in the first case ( figure 4.1(a) ) the change in the in-plane dimensions of the considered structure is, of course, only due to the in-plane strains and it is clear that after the deformation point A cannot remain on the line running through the original position of point A and parallel to the z axis, as yielded by the linear prediction. Hence, the nonlinear analysis also yields the displacement of point A in the x direction. In the second case (figure 4.1(b)) due to the Poisson effect point B also has a displacement in the y direction, which is predicted by the nonlinear analysis. Figure 4 .3 depicts the nonlinear results obtained with the Shell91 and ACShell9 elements for the two cases and directions mentioned.
The solution obtained in one increment with the ACShell9 element is actually the linear solution. As already elaborated, increasing the number of increments, i.e. reducing the size of the incremental step, one would notice a monotonic convergence of the result from the present formulation with the ACShell9 element to the one given by the ANSYS Shell91 element. Regarding the second case ( figure 4.1(b) ), the presented formulation with the ACShell9 element gives the converged solution with 40 incremental steps of the same magnitude. In this case the number of steps is significantly influenced by the strong divergence of the nonlinear result with respect to the linear one, which occurs at the beginning of the observed deformation. In the other two cases a smaller number of increments is enough for the deformations considered. The result from the Shell91 element is obtained by means of the updated Lagrangian formulation in 10 incremental steps, whereby each incremental step requires additional corrections through the Newton-Raphson iterative method. All the above given diagrams show good agreement of the results from the two elements and formulations, thus demonstrating the applicability of the proposed formulation.
Coupled piezoelectric cases
The first two of the cases considered above are modified in order to demonstrate the influence of the geometrically nonlinear effects when dealing with structures, the deformation of which is induced by piezoelectric actuation. The structure is now considered to be made of three layers, the outer two of which are PZT G1195 layers and the mid-layer is a T300/976 graphite-epoxy (table 4.1) layer with the orientation of the fibers at 90
• with respect to the global x axis. The actuation of piezolayers commonly results in displacements that are relatively small with respect to the span and thickness of the structures considered. In order to make geometrically nonlinear effects more pronounced the structure is made significantly thinner. The PZT layers have a thickness of 0.15 mm each and the composite layer is 0.2 mm. The PZT layers are oppositely polarized and the applied voltage results in moments that are uniformly distributed over the edges of the piezolayers. In this case those are, at the same time, the edges of the structure itself and the distribution of the actuating moments is presented in figure 4 .4. The voltage supplied to the piezolayers is chosen to be 300 V, thus providing a large enough excitation that leads to observable nonlinear effects in the response of the structure.
It was emphasized that the piezoelectrically induced bending moments are of the follower type (configurationdependent). It would be worthwhile to investigate how important this aspect is for the cases under consideration. This can be done relatively simply in the following manner. First, the structure response is calculated with the ACShell9 element by applying the electric voltage in small increments, thus taking into account the follower nature of the piezoelectrically induced excitation. The calculation is then repeated with bending moments which are pre-calculated by applying the overall voltage of 300 V on the initial structure configuration. Generally, the equation is
where the vector {F PE } comprises the piezoelectrically induced forces and moments. In the considered case, due to the symmetric position of the piezolayers with respect to the mid-surface and their opposite polarization, the vector {F PE } contains only bending moments, as already emphasized and depicted in figure 4 .4. The so-calculated bending moments are then incrementally applied. Thus, in the repeated calculation the bending moments are not of the follower type because their magnitude and direction are calculated for the initial configuration. The so-performed calculations with the ACShell9 element for each of the two cases yielded very small differences (of the order of 0.1%). The outcome of the investigation is that the results from the ANSYS Shell91 element with the pre-calculated bending moments given as an excitation can be used for the comparison. The results from the ACShell9 element (voltage excitation) and the Shell91 element (bending moment excitation) are presented below.
The same pattern used in the purely mechanical cases is followed here as well. So, in the case of the clamped structure ( figure 4.4(a) ) representative point A is chosen at one of the free vertices of the structure, while in the case of the twoedge simply supported structure ( figure 4.4(b) ) representative point B is chosen to be in the middle of the structure. The normalized vertical displacements of those points are given in figure 4.5. Observing absolute values, the linear prediction of the representative point's vertical displacement at full load yields: (a) 2.8 mm and (b) 0.7 mm; and the nonlinear prediction: (a) 2.7 mm and (b) 0.37 mm. The result based on the assumption of linearity overestimates the nonlinear result by: (a) 3.7% and (b) 89.2%, respectively. Comparing the results for the clamped structure in both the piezocase and purely mechanical case, it can be noticed that the geometrically nonlinear effects are even less pronounced for the piezocase. It was already elaborated that, in the purely mechanical case, during the deformation the in-plane component of the distributed force increases and the structure resists this component through the membrane stiffness, while at the beginning of the deformation the bending stiffness is decisive for the behavior of the structure. In the piezocase, however, the deformation is caused by the piezoelectrically induced bending moments and, hence, the bending stiffness plays a dominant role during the whole deformation. Comparing the results for the two-edge simply supported structure very similar behavior in the piezoelectric case and the purely mechanical case may be observed. In both of those cases significant internal membrane forces are induced during the deformation and the nonlinear effects are much more pronounced. Figure 4 .6 gives the geometrically nonlinear results for the history of motion of the clamped structure's point A in the x and y directions.
The comment about the convergence and number of incremental steps given for the purely mechanical cases extends to the piezoelectric cases considered. The agreement of the results from the two elements is once again very good.
Conclusions
This paper presents the ACShell9 element developed for linear and geometrically nonlinear analysis of thin-walled piezoelectric structures and demonstrates its application in combination with a solution procedure based on the updated Lagrangian formulation, whereby the local (co-rotational) c.s. is taken advantage of in order to determine the actual strains and stresses in the current structure configuration. The follower nature of the piezoelectrically induced loads and voltages is discussed as a fact that imposes the usage of small incremental steps, which allow us to approximate their virtual work to a sufficient accuracy and to implement the discussed simplifications in the formulation. Additionally, if an explicit time integration scheme were used to solve transient cases (not considered in the paper), the same requirement would be imposed by the stability condition of the method. The objective of the given static examples is to verify the presented element and formulation. Good agreement between the obtained results and those from the ANSYS Shell91 element may be noted.
Furthermore, the examples have demonstrated that nonlinear effects may play a significant role in the behavior of the structures considered.
The nonlinearities are especially pronounced in the cases where the change in the structure configuration in combination with boundary conditions give rise to changes in the way the structure essentially resists excitations. In the considered cases no significant consequences originating from the follower nature of piezoelectrically induced loads are recognized. Namely, the difference between the results obtained by applying the voltage incrementally and the results obtained by applying the precalculated piezoelectrically induced bending moments (for the initial configuration and the overall voltage) incrementally is very small in the two cases considered. This, however, should not lead to a general conclusion in the same direction and it would be careless to do that. Post-buckling behavior is a typical example where this aspect is expected to play a much more important role.
The presented examples have considered geometrical nonlinearities only for the actuator function of the active elements within static cases. The sensor function requires a slight modification of the available solver and the current efforts go in this direction. The developed element and formulation have already been applied to solve transient cases but their consideration is postponed to future publications. Finally, the material nonlinear effects in the piezoelectric coupling are of importance for closing the gap between experimental and numerical results in the applications requiring advanced accuracy and future efforts are supposed to provide the formulation capable of taking them into account.
